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1 Simple Endogenous Growth Model
Consider an extension to the Solow growth model with labour-augmenting

technological progress, where the aggregate production function is given by

Yt = Kt
α (AtLt)

(1−α)

Instead of the growth of A being exogenous, suppose that there are productive
externalities so that the A of each firm depends on the aggregate stock of capital
so that

At = Kt
ϕ

As in the Solow model, the labour force grows at rate n so that

L̇t = nLt

The law of motion for capital is, as in the Solow model,

K̇t = It − δKt = sYt − δKt.

1. It has to be the case that there are at least constant returns to scale in repro-
ducible factors of production. The only reproducible factor of production
here is capital. (No economic decision affects the growth rate of the labour
force, which is exogenous.) We can rewrite the production function as

Yt = Kt
αKt

(1−α)ϕLt
(1−α) = Kt

α+(1−α)ϕLt
1−α.

Clearly, we need ϕ ≥ 1 for growth to be sustainable.
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2. If ϕ = 1, we have
Yt = KtLt

1−α

We also get
K̇t = sKtLt

(1− α)− δKt

⇒ K̇t

Kt

= sLt
1−α − δ.

If n = 0 and L1−α − δ > 0 we will have positive growth at a constant rate.
If the labour force is growing, the growth rate will be increasing.

3. To answer the last two questions, we need to come up with an autonomous
differential equation where the rate of change of a variable depends only on
the level of the variable. We need a suitable transformation (normalization)
of output (Yt) so that it is a function of the normalized capital stock. This is
a bit tricky, and not something I would ask you to do on an exam (without
actually giving you the suitable transformation). We conjecture that

Yt

Lt
x =

(
Kt

Lt
x

)α+ϕ(1−α)

for a suitable x. From the production function,

Yt

Lt
x =

(
Kt

Lt
x

)α+ϕ(1−α) Lt
x(α+ϕ(1−α))

Lt
x Lt

1−α,

where we have divided both sides of the production function by Lt
x and

then divided and multiplied by the same term on the right hand side. For
this to work we need the total exponent on Lt outside the parentheses to
be zero, or

x(α + ϕ(1− α))− x+ (1− α) = 0

⇒ x =
1

1− ϕ
.

Note that when ϕ = 1 this is not defined, but in this case Yt/Lt
x is not

defined. So for ϕ = 1, see the answer to the second part of the question.
For ϕ ̸= 1, we have

Yt

Lt
x ≡ yt =

(
Kt

Lt
x

)α+ϕ(1−α)

≡ kt
α+ϕ(1−α)
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Calculating the time derivative of kt gives

k̇t ≡
∂

∂t

(
Kt

Lt
−x

)
= K̇tLt

x −KtxLt
−x−1L̇t

= (sYt − δKt)Lt
−x −

(
Kt

Lt
x

)
L̇t

Lt

x

= syt − δkt − xnkt

= skt
α+ϕ(1−α) − δkt − xnkt. (1)

We note that when ϕ > 1 (i.e. increasing returns to reproducible factors),
we have x < 0 so that the last term actually adds a positive term to the
time derivative of kt. With ϕ > 1, the production function is convex in kt,
so if we start off with a positive growth rate (the right hand side of equation
(1) is positive), there is no steady state and growth is increasing. Once we
have calculated k̇t, we have

k̇t = K̇tLt
x − xnkt

⇒ K̇t =
k̇t + xnkt

Lt
x

⇒ K̇t

Kt

=
k̇t + xnkt
KtLt

x .

This can be iterated forward for given initial conditions on Kt and Lt.
Then, for output we have

Ẏt = Kt
α+ϕ(1−α)(1− α)Lt

−αL̇t + Lt
1−α (α + ϕ(1− α))Kt

α+ϕ(1−α)−1K̇t

⇒ Ẏt

Yt

= (1− α)n+ (α + ϕ(1− α))

(
K̇t

Kt

)
.

4. For the case where ϕ < 1, the last term in equation (1) subtracts from
growth. The phase diagram will be just like the one we studied for the
basic Solow model, with skt

α+ϕ(1−α) a concave function giving realized
savings and investment and (δ + xn) kt a straight line giving necessary
(or replacement) investment. The vertical distance between the two curves
gives the k̇t. We can easily solve equation (1) for the long-run equilibrium
value of kt.
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2 R&D and Growth
This is a simpler model than the Schumpeterian model studied in class since

it does not consider the choice of R&D expenditure by a potential monopolist.
Consider a model with an aggregate production function

Yt = Kt
α (AtLγt)

(1−α) ,

with the usual notation, except that Lγt is labour devoted to the production sector.
Technology evolves according to

At+1 − At = ρAt
ϕLAt

λ,

where LAt is labour devoted to R&D. Capital accumulation is as in the Solow
model :

Kt+1 = sYt + (1− δ)Kt.

The total labour force evolves according to

Lt+1 = (1 + n)Lt

as in the Solow model. Finally, a fraction sA of the total labour force is employed
in the R&D sector :

LAt = sALt.

1. This should be easy, since we have LAt = sALt. Substituting in the second
equation,

At+1 − At = ρAt
ϕ (sLt)

λ

⇒ At+1 − At

At

≡ gt = ρsλAt
ϕ−1Lt

λ.

2. Also a simple calculation. At time t+ 1 we have

gt+1 = ρsλAt+1
ϕ−1Lt+1

λ

⇒ gt+1

gt
=
(
At+1

At

)ϕ−1 (Lt+1

Lt

)λ

3. This is not too difficult because At+1/At = 1 + gt, so we have
gt+1

gt
= (1 + gt)

ϕ−1 (1 + n)λ

⇒ gt+1 = (1 + n)λ gt (1 + gt)
ϕ−1

Therefore, the dynamic evolution of the growth rate gt develops indepen-
dently of the other endogenous variables
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4. We have
gt+1

gt
> 1 ⇐⇒ (1 + n)λ (1 + gt)

ϕ−1 > 1

Clearly, if ϕ = 1 this will give a constant growth rate. If ϕ > 1 then
(1 + gt) is growing over time and so is the growth rate. If ϕ < 1 then
(1 + gt), while positive, is shrinking over time. Eventually we will have
(1 + n)λ(1 + gt)

ϕ−1 < 1 and the growth rate, while remaining positive,
will decrease over time.

5. Given the growth rate of At, which we have seen depends only on itself,
we have

Kt+1 = sKt
αAt

1−αLt
1−α + (1− δ)Kt

⇒ Kt+1 −Kt = sKt
αAt

1−αLt
1−α − δKt

⇒ Kt+1 −Kt

Kt

= sKt
α−1At

1−αLt
1−α − δ.

We can get something a little more fundamental (not necessary to do this
calculation) as follows :(

Kt+1

At+1

)(
At+1

At

)
= s

(
Kt

At

)α

Lt
1−α + (1− δ)

(
Kt

At

)

which we could write as

kt+1gt = skt
αLt

1−α + (1− δ)kt.

This is not quite an autonomous difference equation because it depends on
both gt and Lt, but both of these follow their own independent dynamics.
For Yt we have (

Yt

At

)
≡ yt =

(
Kt

At

)α

Lt
1−α ≡ kt

αL1−α
t

so the growth rate of yt is just α times the growth rate of kt plus (1 − α)
times the growth rate of Lt, which is n. We can then easly recover the
growth rate of Yt in the usual way.
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