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The Hodrick-Prescott (H-P) filter is a quick and easy way to generate a station-
ary time series. It does have shortcomings. See particularly the Hamilton (2017)
article.

The H-P trend of a non-stationary time series yt (assume yt is already mea-
sured in logs, which is the usual assumption) is the series τt which solves the
following minimization problem:

min
τt , t=1...T

L =
T∑
t=1

(yt − τt)
2 + 1600

T−1∑
t=2

((τt+1 − τt)− (τt − τt−1))
2 .

Note that the second sum acts as a constraint on the minimization problem.
The second summation runs from t = 2 to T − 1 because, if we have observations
on a time series from t = 1 to T , we don’t have observations for y0 or yT+1.

The larger the multiplier, the more severe is the penalty imposed on abrupt
changes in the growth rate of τt from one period to the next. The constraint is
what yields a smooth trend, but allows the slope of the trend series to vary over
time.

There are two limiting cases. As the multiplier approaches ∞, the penalty
for any change in trend is very large and this results in a linear time trend. As
the multiplier approaches zero, the trend approaches the series itself: there is no
smoothing.

I have imposed 1600 as the value of the multiplier which, according to the
original authors, is appropriate for quarterly time series.

The filtered time series is just the difference between the original series and
the trend:

zt ≡ yt − τt.
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1. Write the first order conditions (FOCs) for the minimization problem. Ob-
viously, there are T conditions. The conditions for t = 3 . . . (T − 2) will be
identical except for the dating of the variables.

2. Show how to write the FOCs as

Aτ = y

where τ and y are Tx1 vectors containing the values of (respectively) the
trend and the original series. The matrix A est a matrix of constants where
only the principal diagonal and the two diagonal rows next to the principal
diagonal are non-zero. The other elements are zero. This implies the trend
is given by

τ = A−1y,

and the filtered series is given by

z = (I − A−1)y

3. Note the non-zero values of A. You should be able to recognize a pattern
to these non-zero elements. Explain why the A matrix depends only on the
number of observations and not on the individual values of yt.

4. In light of your answer to the preceding question, write down a pseudo-
algorithm to construct the A matrix. Hint: you’ll have to write a do-loop
of the type “for i=1 to T”.

5. On the basis of the algorithm, write an algorithm in the language of your
choice. This is optional. You can cheat by using the following link.
https://dge.repec.org/codes.html

6. Download the following data series, not in logs:
https://www.steveambler.uqam.ca/511/exercises/NGDPRSAXDCCAQ.xls

The data are from the FRED database:
https://fred.stlouisfed.org/series/NGDPRSAXDCCAQ:
Or, use the time series of your choice.

7. Apply the H-P filter to this data series. Once again, you can cheat by using
the web interface for the H-P filter at
https://dge.repec.org/cgi-bin/hpfilter.cgi
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8. If anyone knows of a way to use the quasi-diagonal nature of matrix A to
invert it more efficiently (with a “sparse matrix” routine), I’ll give extra
points on the midterm.

Here is a supplementary exercise for those who are interested.

1. Graph the original time series and the trend series, using the software of
your choice.

2. Calculate deviations from trend using the H-P filter for two other values of
the multiplier, say 400 and 6400. Compare the volatilities (variances) and
persistence (first-order autocorrelations) of the three de-trended series.

3. Calculate the first difference of the time series and the deviations of the
series from a linear trend estimated by ordinary least squares. Compare the
volatilities and persistence of these two series with the series de-trended
using the H-P filter (with a multiplier equal to 1600)
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