
H-P Filter Exercise

Steve Ambler
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1. Using λ instead of 1600 for the sake of generality, there are T first order
conditions. We have

∂L
∂τ1

= 0

⇒ −2 (y1 − τ1) + 2λ ((τ3 − τ2)− (τ2 − τ1)) = 0

∂L
∂τ2

= 0

⇒ −2 (y2 − τ2)−4 ((τ3 − τ2)− (τ2 − τ1))+2λ ((τ4 − τ3)− (τ3 − τ2)) = 0

∂L
∂τi

= 0, i = 3 . . . T − 2

⇒ −2 (yi − τi) + 2λ ((τi − τi−1)− (τi−1 − τi−2))

−4 ((τi+1 − τi)− (τi − τi−1)) + 2λ ((τi+2 − τi+1)− (τi − τi−1)) = 0

∂L
∂τT−1

= 0

⇒ −2 (yT−1 − τT−1)− 4 ((τT − τT−1)− (τT−1 − τT−2))

+2λ ((τT−1 − τT−2)− (τT−2 − τT−3)) = 0

∂L
∂τT

= 0

⇒ −2 (yT − τT ) + 2λ ((τT − τT−1)− (τT−1 − τT−2)) = 0
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2. First group terms using the first order conditions:

(1 + λ) τ1 − 2λτ2 + λτ3 = y1

λτ1 + (1 + 5λ) τ2 − 4λτ3 + λτ4 = y2

λτi−2 − 4λτi−1 + (1 + 6λ) τi − 4λτi+ 1 + λτi+2 = yi

λτT−3 − 4λτT − 2 + (1 + 5λ) τT−1 − 2λτT = yT−1

λτT−2 − 2λτT−1 + (1 + λ) τT = yT

This can be written as Y = [IT + λF ] τ , where IT is the T × T identity
matrix and F is the T × T matrix of constants given by

1 −2 1 0 . . . . . . 0
−2 5 −4 1 0 . . . . . . 0
1 −4 6 −4 1 0 . . . . . . 0

0 1 −4 6 −4 1 0 . . .
...

... . . . . . .
. . . . . . ...

... . . . 0 1 −4 6 −4 1 0
0 . . . . . . 0 1 −4 6 −4 1
0 . . . . . . 0 1 −4 5 −2
0 . . . . . . 0 1 −2 1



.

3. The function to be minimized is quadratic and separable between yi and τj ,
so the first order conditions are linear in yi and τi. There are no interaction
terms between the yi and the τi. Therefore, it’s possible to regroup the
(exogenous) yi terms with the other constants.

4. Let’s write down a pseudo-algorithm for F . The first two rows and the last
two rows are different from all the others, so the loop will actually be for
i = 3 . . . T − 2.

• F1,1 = 1

• F1,2 = −2

• F1,3 = 1

• F2,1 = −2
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• F2,2 = 5

• F2,3 = −4

• F2,4 = 1

• FT−1,T−3 = 1

• FT−1,T−2 = −4

• FT−1,T−1 = 5

• FT−1,T = −2

• FT,T−2 = 1

• FT,T−1 = −2

• FT,T = 1

• for i = 3 to i = T − 2
Fi,i−2 = 1

Fi,i−1 = −4

Fi,i = 6

Fi,i+1 = −4

Fi,i+2 = 1

• i = i+ 1

• End (for)

5. I will discuss during the lab. I leave this as an exercise for those who are
interested.
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