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@ With a Cobb-Douglas production function we have
Y = AKOLO7) =y — g

@ The fundamental relationship in long run equilibrium is that realized
investment has to equal replacement (break-even) investment:

sk** =(n+g+9)k*
e (a) First solve for k*:

- k*(a—l) _ (n+g+ 5)
S

< 1/(1-a)
= k'=——=x
(M+g+®>
@ Now solve for y*:

s a/(l-a)
* — k*Oé — -
g <(n+g+6)>
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Exercise 1.5 2

@ Now solve for c*:

) ) < o/(1-a)
c==s)y :“‘5)<<w+a>>

@ (b) To find the maximal value of ¢*, we differentiate the solution for
c* with respect to s, set equal to zero and simplify:

. o/(1-a)
9c” _ _ a/(1-a) <1>
( )

Bs n+g+o
a/(1-a)
a a9 1
1— <(1*0<) ) — =0
Aoy ((n+g+6>>
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Exercise 1.5 3

o We get

o)
(1—04)(1_5)5(( ) )—O
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Exercise 1.5 4

— Y (1) sCa-1-a)/(1-a)
=1 o) (1-s)s
N T R e
:>1—(1_a)(1 s)s
a s
= =

1-a) (1-59)

@ The golden rule savings rate depends only on the parameter a.

@ (c) From the previous line, an increase in « implies a higher value of
the savings rate is necessary to achieve the golden rule
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@ (a) A fall in n means a shift (rotation) to the right of the replacement
investment curve (which is a straight line), in the opposite direction to
the rotation of the realized investment curve illustrated in Figure 1.4.
Capital per worker starts increasing, and the increase slows down as y
approaches its higher level. Ditto for output per worker. Because one
of the assumptions of the question is that g = 0, there is zero growth
of output per worker in the long run (we know this is equal to g).

@ What happens to consumption per worker is a little more tricky. It
depends on where the golden rule level of k (given the new lower
level of population growth) is in relation to the initial steady state k*

Steve Ambler Answers to Romer Exercises Fall 2024 6/25



Exercise 1.6 2

@ We have several possible cases:

The golden rule level of k is to the right of the new long-run
equilibrium k**. Consumption starts growing and continues to grow at
a slower and slower rate, levelling off at a higher level than in the
intitial steady state;

The golden rule level of k is somewhere between the initial long-run
level of k* and its new long-run level. Consumption will initially grow,
and then level off and start to decrease as k exceeds its golden-rule
level. The final level of consumption can be higher or lower than its
initial level depending on parameters;

The golden rule level of k is less than the initial level of k*.
Consumptioon starts to decline and then does so at a slower and slower
rate. The final level of ¢ is lower than in the initial steady state

@ (b) Output initially grows at rate n (g is zero). Growth will initially
pick up as n falls but then gradually falls to the new, lower level of n,
say np < n
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@ We use the fundamental equation which must hold along the
balanced growth path. Realized (actual) investment must equal
break-even investment:

sy"=(n+g+0)k”
@ We are interested in the quantity
dy* n
on y*
@ We know that y* is a function of k*, so we use the chain rule to get
Oy” k™ n.
ok* On y*
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Exercise 1.7 2

This is the expression we want to isolate after differentiating both
sides of the fundamental equation

@ We want to find a solution for this expression, ideally in terms only of
the parameters of the model (n, g, 4, s) and things like the share of
capital in national revenue ag

@ We would expect this elasticity to be negative

@ | was almost (but not quite) been able to do this

@ My algebraic solution also depended on the marginal product of
capital g{; and on s

o We have:
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Exercise 1.7 3

Oy 0k* Ok*

ok o K T ntetd)H
Oy Ok* n L N Ok* n

Oyx k™ n\  k* Oy* 0k* n oy*
:s(ak* on y*) =it lnteto) <8k* on y*>/8k*

< <8y* ok* n ) ay* k*  dy*

= "ok ! ok

OyxOk* n /8y*
ok* On y* |~ Ok*

ok* On y*

+(n+g+5)<

Oy* (Oyx0k* n\ dyx Ok* n
* ok <8k* an y*> = axn+(ntg+9) <8k* an y*>
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Exercise 1.7 4

@ This uses the fact that if capital is paid its marginal product then
f'(k*)k*/y* is just the share of payments to capital in GDP

ay* Oyx Ok™ n\
= (Sﬁk* —(n—l—g—l—é)) <8k* 5 y*> = axn

N (3yf‘9k"> _ aKn
Okt onyr ) (she—(n+g+9))

Steve Ambler Answers to Romer Exercises Fall 2024 11/25



Exercise 1.7 5

e | initially did not see how to eliminate gﬁ: = f'(k*) from the solution

o | received a suggested solution from M. Yomakou (thank you very
much!) who notes that it is possible to replace s using the initial
equality which must hold in long run equilibrium

@ | should have seen this

Steve Ambler Answers to Romer Exercises Fall 2024 12/25



Exercise 1.7 6

@ We have

_(n+g+0)k*

sf(k*)=(n+g+d)k"=s F(k)

@ so we get

<8y* ok* n) B akn
Ok* on y*)  (n+g+8)k*f'(k*)/f(k*) — (n+ g + )

Oyx Ok™ n\ aKn
ok* dn y* ) (k*f'(k*)/f(k*) —1)(n+ g +6)
aK n
= X
ak —1 (n +g+ 5)
@ We no longer need the marginal product of capital to calibrate the
numerical part of the question, or the savings rate
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Exercise 1.7 7

@ With a saving rate of 0.1 and a marginal product of capital of 0.02 we
get s x 2 = 0.1 x 0.02 = 0.002, which is very small

@ If we ignore s X % we get an elasticity of

—1/3 % 0.02
~ —0.095
0.02 4+ 0.02 4+ 0.03

o With the simplified solution we get

oK n _ 1B 0.02 ~ —0.143,
ak—1(n+g+0) 1/3—1  0.02+0.02+0.03

a bit higher in absolute value

@ A decrease of n from 0.02 to 0.01 is a 50 percent decrease. The
proportional increase in y* would be 0.5 x 0.143 = 0.0715 or an
increase of 7.15 percent.
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@ The exercise teaches a general principle: with constant returns to
scale (CRS) production functions and perfect competition, the
structure of an industry (or an entire economy) is irrelevant. It can
consist of a large number of small firms or one large firm (insofar as
the assumption of perfect competition continues to hold)

@ Let’s start with some general principles. Consider a firm which
produces output with a CRS production function Y = F (K, L) and
rents its capital, so its production costs are given by C = rK + wl.
Taking cost C as given, solve for L to get

=Sk
w w

This gives an isocost line in L/K space with a slope of —- (so
depending on the ratio of per unit costs) and an intercept equal to %

@ By varying C we obtain a family of isocost lines. A higher C gives an
isocost line higher and further to the right
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Exercise 2.1 2

@ We can also draw a series of isoquants on the same graph

@ A firm minimizing the costs of producing a given output Y will pick a
point on the isoquant for Y on the lowest possible isocost line, i.e. a
point of tangency between the isoquant and an isocost line
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Cobb-Douglas case

@ Let’s consider a simple case with a Cobb-Douglas production function
and set up the simple minimization problem:

min C = wl + rK + A (Y _ K@L(lfa)>
KL

@ Both C (the total cost) and Y (output) are given. The FOCs are
L:w—A1l—-a)lLT*K*=0

K:r—XaKlD1-a) _q
A Y — Ko=) — g
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Cobb-Douglas case 2

@ Take ratios of the first two FOCs to get

r a Kl=1)[(t-a)
w (I—a) KoL«
oo L
w (1-a)K
K w «
L r(t-a)

@ There is a unique capital-to-labour ratio which depends on the
relative cost (r/w) and the relative share of capital in the production
function (a/(1 — @)
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Cobb-Douglas case 3

@ This gives a conditional demands for labour and capital conditional
on output

Y =K@ = [ =Y (T)

- (Fatw)

@ This is a demand for labour function which depends negatively on the
real wage. Also

e i rer ] teer) B

K= (Y_¢ (H)Y
- ‘(r(l—a))

@ This is a demand for capital function which depends negatively on the
rental rate
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Cobb-Douglas case 4

@ Note that for a given ratio “*, both K and L expand proportionally
with Y

@ So the expansion path in L/K space (for a given value of %) is a
straight line from the origin
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General case

@ The trick to solving the problem with a general CRS production
function is to show that % is independent of Y.

o | find it easier to work in intensive form. Your mileage may differ. We
start with

Y = F (K, AL) = AL x F(Z,l) — AL x £ (K)
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General case 2

o Evaluate 5 D (k)
L (ALf (k)) = w = Af (k) + ALT
= Af (k) + ALf' (k) 88L (;\1)
= Af (k) — ALf' (k) %%
= Af (k) — Akf' (k) = A (f(k) — kf’ (k)) =w
@ and

0 , 0 (K
e (ALF (K)) = ALF' (k) 5 (AL)

— ALF (k) (A1L> k) =r
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Exercise 2.1 3

@ Now set up the cost minimization problem

min £ = wAL+ rK + X(Y — ALf (k))
K,LA
oL _ O (ALf (K)) _
L.aL—O:WA—)\ 9L =0
= WA — A (F(k) — kF'(K)) =0 = w = A (F(K) — kf'(K))
oL _O(ALf (k) _
K.E—O:r )\T—O
= r—A'(k)=0=r=\'(k)
XY = ALF(K)
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Exercise 2.1 4

@ The constraint implies that, if we know k (which will be a function of
r/w), we know the expansion path of Y is a linear function of L

@ Taking ratios of the first two FOCs gives

ro A (k) f'(k)

w  A(f(k) — kf'(k)) - (f(k) — kf'(k))

e This is a unique (but implicit) solution for k, which will depend on
r/w but not on Y

v=ALf (k(=)) =y =f(k(-))
w w
@ This shows that all firms producing with this CRS production function
will use the same capital to labour (in efficiency units) ratio
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Exercise 2.1 5

@ This means that

NY = ANLf (k (ﬁ))
= ANLf C\(L) ANLF (Z\i )

= ANLF(K AL) = NF (K, AL)
AL
@ We could double the size of each firm and halve the number of firms
without changing industry output
e With CRS (and perfect competition), the structure of an industry
does not matter
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